The decoherence of an asymmetric two-qubit system that is coupled via a variable interaction term to a common bath or two individual baths of harmonic oscillators is examined. The dissipative dynamics are evaluated using the Bloch-Redfield formalism. It is shown that the behavior of the decoherence effects is affected mostly by the symmetries between the qubit operator that is coupled to the environment and the temperature, whereas the differences between the two bath configurations are very small. Moreover, it is elaborated that small imperfections of the qubit parameters do not necessarily lead to a drastic enhancement of the decoherence rates.
I. INTRODUCTION
Quantum computation provides a substantial speedup for several important computational tasks ͓1-4͔. A general quantum bit ͑qubit͒ consists of a two level quantum system with a controllable Hamiltonian of sufficient generality to implement a universal set of quantum logic gates ͓5͔. From such a set, an arbitrary quantum algorithm can be implemented to any desired accuracy limited only by decoherence. A universal two qubit system requires just single-qubit rotations and one additional entangling two qubit gate. One important example for an entangling two qubit gate is the controlled-NOT ͑CNOT͒ gate that switches the state of the second qubit depending on the state of the first qubit.
Superconducting Josephson charge and persistent current ͑flux͒ qubits have been shown to possess the necessary properties ͓4͔ to act as quantum bits. They have been manipulated coherently and coherence times in the s range have been demonstrated experimentally ͓6-12͔ with a corresponding quality factor of quantum coherence of up to Q Ϸ 10 4 ͓10͔. In a two qubit system, where the coupling was achieved using a shared Josephson junction, coherent Rabi oscillations between states of a coupled qubit system were observed ͓13,14͔ and in a two charge qubit system a conditional gate operation was performed ͓12͔. All of these experiments suffer from material imperfections which lead to nonideal time evolutions of the quantum states due to a parameter spread in the characteristic energies of the system Hamiltonian. Thus, it is of general importance to theoretically model these asymmetric qubit systems and their decoherence properties to optimize the decoherence in experimental setups. In this paper, the dependence of the decoherence rates and gate quality factors on the parameter spread of the qubits will be elaborated theoretically. In perspective, this is of crucial importance for connecting the experimental status and prospects to these central concepts in quantum information science: which degree of parameter uniformity do experiments have to achieve for symmetry-based protection schemes to work-do these schemes have to be extended in order to accomodate experimental restrictions?
On the other hand, for high symmetry of the qubit parameters, the qubit coherence can be intrinsically strongly protected. This extends from the protection of the singlet in a symmetric qubit setup ͓15͔ to the general concept of decoherence-free subspaces ͑DFS's͒ ͓16,17͔. General considerations on the stability of such DFS's can be found in Ref. ͓18͔ . In this paper the experimental conditions for these intrinsic protection mechanisms are investigated and direct conclusions for the decoherence of a two qubit system are given.
Also, variable bath couplings to the decohering environment have already been identified as a novel parameter for engineering decoherence, e.g., in Ref. ͓19͔ . It is exactly these decoherence properties of a qubit bath interaction operator that lies in the xz plane on the Bloch sphere that will be investigated in this work.
In Sec. II, we will introduce the global model of two qubits with a general bath coupling operator and how coherence can be protected by symmetry. In Sec. III, we specify how decoherence is parameterized and handled using the Bloch-Redfield approach, which helps to compute the gate quality factors introduced in Sec. IV. Results are summarized in the two subsequent sections: Section V shows how decoherence and gate quality depends on the coupling angle whereas Sec. VI discusses the experimentally important case of asymmetrically fabricated qubits.
II. THE MODEL
The Hamiltonian of a typical pseudo-spin system can be expressed in terms of the Pauli matrices as
where ⑀ is the energy bias and ⌬ is the tunneling amplitude. In a two qubit system, an additional interaction term is required to implement the universal two qubit gate. In superconducting implementations ͓6,8-11,20,21͔ this coupling *Email address: storcz@theorie.physik.uni-muenchen.de term is typically proportional to z ͑1͒ z ͑2͒ . Here, the superscripts are the qubit indices. In particular, inductively coupled flux qubits ͓15,22͔ and capacitively coupled charge qubits ͓23͔ are coupled this way. Thus, the two qubit Hamiltonian is
In the singlet/triplet basis, ͑1,0,0,0͒ T = ͉ ↑ ↑͘, ͑0,1,0,0͒
− ͉ ↓ ↑͒͘ / ͱ 2 that exhibits the symmetry properties of the coupling most clearly, this Hamiltonian takes the following explicit matrix form:
Using this Hamiltonian the CNOT gate can be implemented through a sequence of elementary quantum gates ͓15,24͔ 
III. DECOHERENCE
In experimental realizations of this model, additional effects always impair the capability of the system to operate as a qubit. In condensed matter implementations, the most pronounced is the coupling to environmental degrees of freedom. This leads to relaxation, i.e., classical thermalization of the states as well as, on a much shorter time scale, to dephasing. Decoherence causes the system to act similar to a classical ensemble eliminating all potential computational benefits of quantum algorithms. For a wide range ͑e.g, Refs.
͓15,23,26͔͒ of solid state implementations the dominant decoherence effects caused by coupling to linear environments such as electric circuits obey Gaussian statistics and can be effectively modeled with a bath of harmonic oscillators. It is assumed here that there is only one decoherence source in the dominating order of magnitude in the coupling parameter and possible weaker noise sources are ignored. To model this source each qubit is either coupled to an individual or to a common bath of harmonic oscillators. The system Hamiltonian then takes the form
where s is the spin representation of the qubit operator talking to the environment that depends on the specific implementation of the qubit. For the special case of superconducting flux qubits, which only experience flux noise, and superconducting charge qubits which are only subject to charge noise, this would correspond to s = z . Here, X is the collective coordinate of the harmonic oscillator bath and the superscript distinguishes between the single bath and the two bath case. The general form is
͑8͒
where the factor ͱ 2 in front of c x and c y was chosen for convenience in the singlet/triplet basis in which the qubitbath interaction becomes
for the case of two baths and ⌬X = 0 for one common bath. In the following we will, without loss of generality, characterize the results by the angle between the x and z component of the coupling
This is completely analogous to the bath coupling that is encountered in proposed experimental qubit realizations, e.g., for charge qubits ͓19͔. The bath coupling angle is defined for ͓0, /2͔.
Following the lines of Refs. ͓15,26͔, the Bloch-Redfield formalism is applied to calculate the effects of decoherence. The Bloch-Redfield equations and decoherence rates are given analytically. However, in comparsion to a fully analytic evaluation of the dynamics of the two-qubit system ͓27͔, with this method the time evolution of the reduced density matrix can also be determined numerically for a wide range of system Hamiltonians.
The environment, i.e., the bath of harmonic oscillators, is characterized by its spectral density. The strength of the dissipative effects is given by the dimensionless parameter ␣. The bath spectral function is assumed to be linear in frequency up to a cutoff frequency c . Thus, J͑͒ = ␣ប / ͓1 + ͑ / c ͒ 2 ͔, i.e., we employ an Ohmic spectrum with a Drude cutoff. The cutoff frequency is chosen two orders of magnitude above the largest frequency which is typical for a flux qubit system, c =10 13 Hz ͓7͔. We choose a rather large coupling strength to the environment of ␣ =10 −3 , which is still in the weak coupling regime, to be able to observe pronounced decoherence effects. The Bloch-Redfield equations describe the evolution of the density matrix in the eigenbasis of the unperturbed Hamiltonian ͓28,29͔
where the Redfield tensor R nmkl is given by
and the rates ⌫ are given by the Golden Rule expressions
where H I,ij ͑t͒ is the matrix element of the bath/system coupling part of the Hamiltonian in the interaction picture. Here, ␤ indicates averaging over the degrees of freedom of the thermal bath. In the following ␤ =1/k B T, where T is the temperature of the bath. Evaluating this, we find according to Ref. ͓15͔ for one common bath the rates
where ab = nk for the plus rate and ab = lm for the minus rate and
For two distinct baths one finds analogously
with
and
where P denotes the principal value. The limit of ab tending towards zero can be evaluated separately
for one bath, and
for two baths. All calculations were performed in the same parameter regime as in Ref. ͓15͔, thus renormalization effects of the frequencies are weak and will be neglected. This structure of the rates nicely shows the relation to symmetry and DFS: The matrix elements of the s in the eigenbasis determine the simultaneous symmetry properties of the qubit Hamiltonian and the system bath coupling. The energy splittings ab determine the relevant segment of environmental phase space and depend on symmetry much more weakly.
IV. GATE QUALITY FACTORS
The ability of a realistic device, or in our case a more realistic model of a device, to operate a quantum gate is characterized by the four gate quality factors introduced in Ref. ͓30͔. Those are the fidelity F, purity P, quantum degree Q, and entanglement capability C. The quantum degree and entanglement capability characterize entangling operations. They are unique to multiqubit gates. We will collectively refer to these as nonlocal gate quality factors ͑GQFs͒ as opposed to fidelity and purity, which are both well defined for an arbitrary number of qubits, in particular also for a single qubit, and will be referred to as the local gate quality factors.
The fidelity can be evaluated, following Ref. ͓24͔, as follows:
The overline indicates the average over a discrete set of unentangled input states ͉⌿ in ͘ that can serve as a basis for all possible input density matrices. The propagator U is the ideal unitary evolution of the desired gate, and out is the density matrix after applying the realistic gate to ͉⌿ in ͘. Thus a perfect gate reaches a fidelity of unity and the deviation from unity characterizes the deviation from the ideal process. The purity P is indicative of the decoherence effects
Again, the overbar indicates the input state average. A pure output state leads to P = 1, whereas as the state becomes increasingly mixed, the square of the weight of the contributions no longer sums up to unity and goes down to a minimum of one divided by the dimension of the Hilbert space of the system, 1 / 4 in our case. Whereas the preceding two factors can be defined for any number of qubits, the following two are particular to the higher-dimensional case:
Here, the out are the density operators after the gate operation relating to unentangled input states, whereas the ͉⌿ me ͘ are the maximally entangled states, also known as Bell states. Therefore, this measures the ability of the gate to create quantum entanglement. Finally, the entanglement capability C is the smallest eigenvalue of the density matrix resulting from transposing the density matrix of one qubit. As shown in Ref. ͓31͔, the nonnegativity of this smallest eigenvalue is a necessary condition for the separability of the density matrix into two unentangled systems. After separation, the partially transposed density matrix is a valid density matrix as well, with nonnegative eigenvalues. The negativity of the smallest eigenvalue thus indicates that the states are not separable and therefore nonlocal. It approaches −0.5 for the ideal CNOT gate. The dynamics of entanglement in a two-qubit system has been studied in Ref. ͓32͔ . The entanglement capability is closely related to the negativity E N of a state ͓33͔, which is a nonentropic entanglement monotone ͓34͔.
V. COMBINATION OF x AND z ERRORS
Now, the spin-boson model with a variable coupling operator to the harmonic oscillator baths, Eq. ͑10͒, is studied in more detail. We start with the CPHASE gate, which is entangling and forms the core part of the CNOT operation. The quantum degree for the CPHASE gate is always smaller than the ideal value because the CPHASE gate cannot create entangled Bell states in this particular basis. Thus, we did not consider the quantum degree for the CPHASE gate. The different error coupling configurations achieve the best gate quality factors for different coupling operators to the environmental baths. The scenarios are summarized in Table I .
Two qualitatively different temperature regimes are found, separated by a smooth crossover. Temperatures are measured in units of T s , where E S / h = ͑k B / h͒T S is the characteristic energy scale, which corresponds to the typical qubit energy scale during the quantum gate operation and is typically of the order of a few GHz. For low temperatures T Ӷ T S , spontaneous emission processes dominate. When T S is approached, thermal effects become important and for T Ϸ T S temperature is the dominating energy scale as will be discussed in more detail below.
The CPHASE gate, for pure z coupling, is protected by symmetry because the gate operation and the coupling to the bath commute. As was shown previously, all disturbances vanish here in the limit of low temperatures. In this case, FIG. 1 . Dependence of the gate quality factors on the bath coupling angle defined in Eq. ͑10͒ for the CNOT and CPHASE operation at T Ϸ 0 Ӷ T S . Here, the behavior of the gate quality factors for both the single bath and two bath case is shown. The characteristic energy scale for the gate operation is E S / h = 1 GHz ͓15͔. The lines are provided as guides to the eye. 
There is no clear tendency observed in this case, see Fig. 1 . Close to pure z coupling two baths are preferred, and close to x one bath.
spontaneous emission processes are the dominating decoherence mechanism because absorption and excitation processes are effectively suppressed due to the bath coupling ͑i.e., matrix elements for theses processes are restricted due to symmetries of the bath coupling operators͒ and the temperature. In this case, the low-temperature regime can be referred to as the emission limited regime.
The additional x operation in the CNOT gate Eq. ͑4͒ during the single qubit Hadamard operations leads to nonvanishing decoherence rates even in the low-temperature limit. The reason is again the competition of pure dephasing with emission and absorption processes which show a different dependence on the coupling angle .
However, the Hadamard part of the CNOT operation is short compared to the overall length of the gate operation ͑4͒. Thus, it is found that for low temperatures the best values for the GQFs are obtained very close to pure z coupling as depicted in Fig. 1 . This implies that the overall decoherence effects are smallest if the bath coupling angle throughout the gate is adjusted to the distribution of gate operations, which are characterized by different directions on the Bloch sphere.
For the CNOT gate better results are observed for the single bath case throughout the low-temperature regime, see Fig. 1 . For the single bath configuration, close to pure x coupling to the bath, the difference becomes quite significant and for the nonlocal GQFs actually approaches a factor of 2, but reduces again as pure x coupling is reached. The CPHASE gate ͑see Fig. 1͒ prefers a two bath configuration unless the coupling is x dominated. Again, the nonlocal GQFs are affected most.
For the pure z case ͑ = 0 or correspondingly c x = c y =0 and c z =1͒ little difference between the two bath and the single bath behavior is found in the CNOT case and none at all for the CPHASE. It is observed that the single bath configuration is certainly preferred as soon as there is a significant x contribution in the gate operation. This means that the additional protection from the one-dimensional decoherence free subspace ͓15,16͔ involved is mainly beneficial if the commutator of the qubit operator, which couples to the bath and the qubit Hamiltonian ͑the Hamiltonian that is needed to perform the individual parts of the gate operation͒ has appropriate matrix elements, i.e., if there is a significant noncommuting part in the bath coupling and the gate operations. However, in a z dominated case the individual coupling is preferred as it does not induce any additional indirect couplings between the qubits. It is natural that the two qubit GQFs should notice this more strongly than the single qubit GQFs for which the differences never become more than about one fifth of the individual deviations.
For the high-temperature regime, drastically different behavior in the nonlocal GQFs is found, see Fig. 2 . Both Q and C now achieve their best values at a pure x coupling for both gates, the local GQFs achieve their maximum at a pure z value. The protection that the CPHASE gate enjoyed in the low temperature regime breaks down here. The hightemperature case is essentially scale free, i.e., high temperatures symmetrize the system. In this case the system eigenbasis is given by the qubit operator which couples to the bath. This can be nicely shown when considering the single qubit dephasing rates within the spin-boson model ͓21͔
where E is the single qubit energy splitting and S͑E͒ denotes the power spectrum of the noise. The expression Eq. ͑23͒ becomes ⌫ Ϸ 2␣k B T / ប for T ӷ E and does not depend on the ratio ⌬ / ⑀. Thermalization is determined by the off-diagonal bath couplings in the basis of the corresponding system Hamiltonian which is required for a certain gate operation. It will be strongly dominated by the noncommuting contributions, i.e, the x bath coupling for the CPHASE part of the CNOT gate. The single qubit Hadamard part of the CNOT gate will be additionally also affected by the z bath coupling. The two-qubit operation ͑CPHASE͒, or in other words the nonlocal part, of the CNOT gate is of the z ͑1͒ z ͑2͒ type and the single qubit Hadamard gates contain both x and z contributions. Thus, during the gate operation the thermalization is dominated strongly by the x part of the bath coupling for the nonlocal and by the z part for the local GQFs, implying that for thermal fluctuations the x -type couplings are more important in inducing interqubit transitions, while z primarily affects the single qubit gate quantifiers. What implementation to choose for a gate here, becomes a question of what gate quantifiers are desired to be optimized. The differences between the one bath and two bath scenario are now small.
For pure z coupling of the qubit to the bath, a peculiar effect is observed. In this case, the minimal eigenvalue of the partially transposed density matrix that is the entanglement capability remains negative even for T ӷ T s ͑Fig. 2͒. The negativity of the eigenvalue of the partially transposed density matrix is not just a necessary but also a sufficient criterion for the nonseparability of the system in our case ͓31͔. Thus, no matter what the temperature or strength of the dissipative effects in our system during the CNOT gate operation, entanglement will never be eliminated completely. This can be explained by rapid thermalization into a protected entangled state. Furthermore, this effect carries over well into the regime where both x and z noise are present.
Overall, the temperature ͑and the coupling strength͒ has the largest influence on the GQFs. At T Ӷ T s ͑T Ϸ 10 −3 K͒, we observe deviations of the GQFs from the ideal value which are less than 10 −3 . At T ӷ T s ͑T Ϸ 1 K͒ the deviations are 10 −1 and quickly increasing further at larger temperatures. The different coupling operators to the bath are the next strongest effect. Rotating the coupling operator from z to x causes, in the worst cases, three to four times stronger deviations from the ideal value than the z noise. Finally, the change due to different types of bath couplings is generally small compared to the differences between x and z type coupling. This also suggests that we do not need to worry about noise sources with at least one order of magnitude weaker coupling strength, even if they couple through a less favorable coupling operator.
As an intermediate conclusion, it is found that for the decoherence dominated regime the CPHASE operation reached the optimum value of the GQFs for a pure z coupling to the bath. In the case of the CNOT operation, the minimum is located slightly shifted to the x component because of the mixture of x parts during the Hadamard operations, compare with Fig. 1 . For the CNOT operation, the optimum values of the four gate quantifiers are encountered at different bath couplings, which are characterized by the mixing angle Eq. ͑10͒, especially for large temperatures.
Thus, the differences between the case of one common bath and two baths are much less important than the symmetries between the gate operation and the bath operators. In particular, the difference between the case of one or two baths disappears for pure z coupling to the bath. Here, decoherence due to flux noise or charge noise in coupled superconducting flux or charge qubits was explored. Decoherence due to 1 / f noise, caused by background charges or bistable fluctuators, was not treated. If still in the motional narrowing limit, it can be included in the Redfield equations by introducing a peak at zero frequency in the spectral function with a magnitude given by experiment ͓35͔. More generally, microscopic calculations are needed ͓36͔.
VI. NONIDENTICAL QUBITS
Now, we do not restrict the analysis to the case of a uniform error coupling Eq. ͑10͒ anymore. In general, both qubits can couple to the baths differently
where i =1,2 denotes one of the qubits. For the numerical calculations, the qubits are set to the degeneracy point K = ⑀ i = 0 and ⌬ 2 is set to E S , i.e., effectively this model describes a system of two uncoupled qubits. Here, ⌬ 1 and thus also the asymmetry
Experimentally the spread of the qubit parameters due to fabricational imprecision is very important both because quantum algorithms ͑without further modification͒ require a certain level of precision and the decoherence effects in the system of qubits have to be sufficiently small ͓37͔.
Therefore, it is of central importance to investigate also the effects of the parameter spread in nonidentical qubits on the behavior of the decoherence rates. Superconducting qubits are preferably operated at the degeneracy point where decoherence effects are suppressed for superconducting charge and flux qubits. However, the tunnel matrix elements for superconducting qubits can differ significantly, on the order of several percent ͓12,14͔. Thus, the dependence of the decoherence rates, i.e., dephasing rates and the relaxation FIG. 3 . ͑Color online͒ Dependence of the decoherence rates on the qubit asymmetry. Here, we set K =0, ⑀ i =0, ⌬ 2 = E S , and vary ⌬ 1 . The single and two bath cases behave identically, thus only the single bath case is shown. The strength of the decoherence effects is set to ␣ =10 −3 and T Ϸ 0.5T S . We set the bath coupling angles ͑24͒ to 1 = 0 and 2 = 0, i.e., the bath coupling operator and the Hamiltonian are perpendicular. The decoherence rates are scaled by ␣ S , with S = E S / h. The lines are provided as guides to the eye. rate, close to the degeneracy point on the qubit asymmetry is an important property. The decoherence rates are defined according to Refs. ͓26,15͔. Namely, the relaxation rate is ⌫ R =−͚ n ⌳ n , where ⌳ n are the eigenvalues of the matrix R n,n,m,m , n , m = 1 , . . . , 4, and the dephasing rates are ⌫ nm =−ReR n,m,n,m . Figure 3 depicts the dependence of the decoherence rates on the qubit asymmetry G when the individual qubits are operated close to the degeneracy point. A Temperature T Ϸ 0.5T S , which is typical for experimental situations, is chosen for this analysis.
We observe that for pure x coupling to the bath ͑ 1 = / 2 and 2 = /2͒, the asymmetry of the qubits is irrelevant because the coupling to the bath and the system Hamiltonian commute ͑the indices of qubit one and qubit two could be exchanged without changing the system͒. For mixed bath coupling of the x type for one qubit ͑ 1 = /2͒ and the z ͑ 2 =0͒ type for the other qubit, still the decoherence rates do not vary for different asymmetry. The reason for this behavior is that the x bath coupling of the first qubit always commutes with the qubit Hamiltonian, i.e., only flipless dephasing processes contribute to the decoherence rates of the first qubit. When we vary the asymmetry, essentially ⌬ 1 is varied ͑⌬ 2 = E S is kept constant͒, which leads to a different contribution of the first qubit to the overall decoherence. However, these corrections are small compared to the full decoherence rates ͑i.e., not only flipless dephasing processes͒ that contribute in the case of qubit two where ͓H SB , H sys ͔ 0 and ⌬ 2 stays constant.
Finally, Fig. 3 shows the case of exactly perpendicular system Hamiltonian and bath coupling. Here, the decoherence rates increase steeply for increasing asymmetry. Note here that due to the definition of G and ⌬ 2 , the two
From the dependence of the decoherence rates on the asymmetry G of the two qubits at the degeneracy point, it is possible to estimate the maximum tolerable asymmetry for a given constraint on the deviation of the decoherence rates from their value for perfectly symmetric qubits. It is found that in order for the deviation of the relaxation rate from its value for perfectly symmetric qubits to stay below 1%, it is required that 0.5⌬ 2 Ͻ⌬ 1 Ͻ 1.5⌬ 2 ; i.e., the parameter spread of the two qubits could be remarkably large ͑Ϸ50% ͒ without considerably affecting the relaxation rates. However, detailed analysis shows that for the deviations of the dephasing rates, the increase happens much earlier. Moreover, there is a large spread among the dephasing rates, which are sensitive to the qubit asymmetries. Note that both the single bath and the two bath case behave identically for the relaxation rate. Differences between the two cases only occur for the dephasing rates. The angles of the bath coupling where the minimum dephasing rates are encountered are different for the different dephasing rates.
Typical experimental values for charge ͓12͔ and flux qubit ͓14͔ designs indicate that the parameter spread in the tunnel matrix amplitudes can be quite large, in the case of the charge qubit it is a factor of ⌬ 2 / ⌬ 1 Ϸ 0.91 and for the flux qubit ⌬ 2 / ⌬ 1 Ϸ 4.22, which corresponds to deviations of approximately ten and up to several hundred percent, respectively. This difference of asymmetries is due to the fact, that fabrication parameters such as E c and E J enter the exponent of the tunnel splitting in the flux qubit case ͓6͔. Thus, the parameter spread of the tunneling amplitudes for the flux qubit is larger and the decoherence rates will be considerably affected. These experimental values emphasize that it is important to study the evolution of the decoherence effects for nonidentical qubit parameters. Moreover, important information about the noise sources coupling to the qubit can be identified. From comparison of the decoherence rates for different qubit samples, which possess different asymmetries between the tunnel amplitudes, it is thus possible to identify the predominant bath coupling angle. In most qubit designs the bath coupling angle is then uniquely related to a certain noise source, e.g., flux noise in the case of flux qubits ͓38͔. Figure 4 depicts the experimentally important ͓14͔ behavior of the decoherence rates when ⌬ 2 and K are fixed to E S and ⌬ 1 Ͼ⌬ 2 is changed. We define the deviation of the decoherence, i.e., the relaxation or dephasing rates from their values at the degeneracy point as
. ͑25͒
In this case the two qubits are permanently coupled, and embedded into one common environmental bath. The decoherence rates begin to increase linearly when ⌬ 1 is larger than ⌬ 2 . Figure 5 illustrates the temperature dependence of the decoherence rates for the case of one common bath. The values of the decoherence rates for the two bath case differ insignificantly from the single bath case. We observe that the spread of the magnitude of the different decoherence rates increases at intermediate mixing angles. As expected, the magnitude of the decoherence rates is maximum in the case where the system Hamiltonian and the coupling to the bath are perpendicular to each other. For the opposite case, where the system Hamiltonian and the coupling to the bath commute, the decoherence rates vanish for decreasing temperature, i.e., only flipless dephasing processes contribute to the overall decoherence. Note that in the case where the system Hamiltonian and the coupling to the bath commute ͑ 1 = / 2 and 2 = /2͒ the relaxation rate vanishes.
It is found that the dephasing rates depend strongly on the qubit asymmetry. Nevertheless the parameter spread of the qubit energies can be quite large ͑around 10%͒ without affecting the decoherence properties considerably for the case of a favorable bath coupling. However, for very large asymmetries and a bath coupling, which is perpendicular to the system Hamiltonian, the decoherence rates increase exponentially with asymmetry.
VII. CONCLUSION
A system of two pseudospins coupled by an Ising-type z ͑1͒ z ͑2͒ interaction, which models e.g., superconducting charge or flux qubits, was investigated. It was shown that for the system of two pseudospins the optimum gate performance of different gate operations is closely related to their composition of elementary gates and the coupling to the bath. In more detail, the gate fidelity is enhanced when the coupling angle to the bath imitates the composition of the gate operation in terms of Hamiltonian parts pointing in different directions on the Bloch sphere. When considering the gate quality factors, the temperature and aforementioned special symmetries of the system-bath coupling have a large influence on the decoherence properties, whereas the differences for the single or two bath scenarios are minor. For the CPHASE operation at low temperatures, the optimum gate quality factors are at pure z system-bath coupling due to the fact that only in this case all individual Hamiltonians necessary for performing the gate operations and the system bath coupling commute. Similarily, the CNOT gate operation approaches the best gate quality factors close to z system-bath coupling with a slight x admixture due to the Hadamard operations. These findings can be directly applied in systems where it is possible to engineer the decohering environment to a certain degree ͓39͔. Moreover, special symmetries that are identified in experiments can also be used for the encoding of several physical qubits into logical qubits ͓16,17͔ to reduce the effects of the environmental bath.
For very large temperatures, the temperature effectively symmetrizes the system and thus entanglement is always preserved during a CNOT gate operation independently of the system-bath coupling. It is found that the parameter spread of the tunnel matrix elements of the qubits, when operated close to the degeneracy point can be quite large ͑approxi-mately 10%͒ for a bath coupling which commutes with the system Hamiltonian without affecting the decoherence properties considerably; which again emphasizes the importance of using the symmetry properties of the system and bath to improve the decoherence of the qubit system. In the special case where the system Hamiltonian commutes with the system-bath coupling Hamiltonian, the differences in the decoherence rates stay below 1% for the aforementioned spread of the tunnel matrix elements. This special case can model the situation in superconducting flux qubits ͓13,14͔, where the dominating noise source is flux noise, quite well if the tunnel matrix elements of the individual qubits are small compared to the energy bias of the qubits and the interqubit coupling strength. However, in a more general setup with nonidentical qubits, the aformentioned symmetry properties are almost certainly not fulfilled and the performance of the qubits will be degraded quite significantly.
VIII. OUTLOOK
Our results indicate, that in case of tunable bath coupling operators, decoherence may be further engineered. Moreover, they indicate that symmetry-induced coherence protec- tion is remarkably stable under realistic parameter spread. These results are expected to have significant impact on the analysis of the recent experiments ͓9,14,19͔. Next to its practical importance, this emphasizes the role of the spatial correlations of the environmental noise that has been assumed here, but which needs to become an integral part of the experimental characterization of the environment.
